Numerical simulation of plasma turbulence in the Large Plasma Device (LAPD) [Gekelman et al., Rev. Sci. Inst., 62, 2875 These simulations lay the groundwork for more a comprehensive effort to test fluid turbulence simulation against LAPD data.
effects of ion-neutral collisions. In nonlinear simulations using measured LAPD density profiles but assuming constant temperature profile for simplicity, self-consistent evolution of instabilities and nonlinearly-generated zonal flows results in a saturated turbulent state. Comparisons of these simulations with measurements in LAPD plasmas reveal good qualitative and reasonable quantitative agreement, in particular in frequency spectrum, spatial correlation and amplitude probability distribution function of density fluctuations. For comparison with LAPD measurements, the plasma density profile in simulations is maintained either by direct azimuthal averaging on each time step, or by adding particle source/sink function. The inferred source/sink values are consistent with the estimated ionization source and parallel losses in LAPD.
These simulations lay the groundwork for more a comprehensive effort to test fluid turbulence simulation against LAPD data. 
I. INTRODUCTION
Turbulent transport of heat, particles and momentum has an impact on a wide variety of plasma phenomena [1] [2] [3] , but is of particular importance for laboratory magnetic confinement experiments for fusion energy applications [4] [5] [6] [7] . A large number of advances in understanding plasma turbulence have been made using analytic theory, for example nonlinear mode interaction 8, 9 , instability saturation and secondary instabilities 10, 11 , cascades 12, 13 and the role of sheared flow [14] [15] [16] . However it is increasingly necessary to use direct numerical simulation as a tool to gain understanding into the complex nonlinear problem of plasma turbulence.
Additionally, numerical simulation is key to the development of a predictive capability for turbulent transport in fusion plasmas. An essential aspect of the development of this capability is its validation of numerical simulation against experimental measurement 17, 18 .
While ultimately validation against measurements in high-temperature fusion plasmas in toroidal geometry must be undertaken, it is desirable to have a hierarchy of experiments for comparison, with the goal of isolating important physical effects in the simplest possible geometry 17 . Linear plasma devices such as LAPD 19 , CSDX 20 , VINETA 21 , LMD 22 , HELCAT 23 , and MIRABELLE 24 offer an opportunity to validate turbulence and transport simulations in simple geometry and with boundary conditions and plasma parameters with reasonable relevance to tokamak edge and scrape-off-layer plasmas. Thanks to their low temperature, these devices are highly diagnosable, providing for detailed comparison against code predictions. As these plasmas tend to be fairly collisional, fluid (including gyrofluid) models have been compared in recent studies, for example, on LMD 25 , CSDX 26 , and VINETA [27] [28] [29] .
These studies have not simply compared code output to data, but more importantly have been used to extract physics understanding: the importance of ion-neutral collisions in zonal flow damping was explored in LMD 25 ; simulations of the VINETA device were focused on exploring the formation and propagation of turbulent structures [27] [28] [29] ; and recent simulations of the LAPD plasma suggest that sheath boundary conditions in some regimes could drive strong potential gradients and in this case the Kelvin-Helmholtz instability can dominate over drift-type instabilities 30 .
This paper presents modeling of turbulence and transport in the Large Plasma Device (LAPD) 19 is similar to tokamak SOL in the sense that the radial plasma density and temperature profiles are determined by the competition of the radial turbulent transport, parallel streaming, and volumetric sources. The use of the BOUT code also provides a unique opportunity to directly test in linear geometry the same code that is also used to simulate tokamak edge plasmas Numerical simulations reported here are done in LAPD geometry using experimentally measured density profiles. In order to simplify these initial studies, a flat temperature profile is assumed, flow profiles are allowed to freely evolve in the simulation, and periodic axial boundary conditions are employed. The simulations show a self-consistent evolution of turbulence and self-generated electric field and zonal flows. The density source/sink required to maintain the average density profile close to the experimental profile is consistent with the ionization source and parallel streaming losses in LAPD. Overall, these calculations appear to
give a good qualitative and reasonable quantitative match to experimental temporal spectra and are also consistent with the measured spatial structure and distribution of fluctuation amplitude. These results lay the foundation for proceeding with the more difficult task of simulations with matched density, temperature and flow profiles along with more realistic axial boundary conditions. This paper is organized as follows. In Section II the main parameters of LAPD are described, as well as the fluid equations implemented in the BOUT code that are used to model the LAPD device. Section III discusses the two methods of average profile control that are used to maintain the average density close to the experimental values. A detailed comparison of simulated turbulence characteristics to the experimentally measured quantities is presented in Section IV. Section V discusses the particle transport and the density source in the simulations, and also briefly introduces the numerical diagnostics used for verifying the solution. Conclusions are presented in Section VI. The appendices demonstrate the derivation of the azimuthal momentum equation (Appendix A), derivation and discussion of the ion viscosity term (Appendix B) and a numerical scheme used to avoid unphysical solutions due to parallel discretization (Appendix C).
II. PHYSICS MODEL
The LAPD device is a long cylindrical plasma configuration with length L ∼ 17 m, vacuum vessel radius r s =50 cm, typical plasma radius a ∼ 30 cm, electron density n e0 5 × 10 12 cm −3 , electron temperature T e 10 eV, and ion temperature T i 1 eV; with an externally imposed axial magnetic field magnetic field B z < 0.25 T. Plasmas are typically composed of singly ionized helium although argon, neon and hydrogen plasmas can also be studied.
For the calculations discussed here, LAPD is modeled as a cylindrical annulus with inner radius 15 cm and outer radius 45 cm. Using the annulus topology allows the LAPD geometry to be described in the BOUT code without any modification of the code itself through using the built-in tokamak geometry but changing the metric coefficient values 33 . In this setup, the poloidal magnetic field of the tokamak configuration corresponds to the axial field of LAPD, and the toroidal field is set to zero as it corresponds to the azimuthal direction in LAPD. The annulus configuration also avoids the potential complications of the cylindrical axis singularity. The magnetic field is taken uniform, along the cylinder axis, and the axial boundary conditions are taken to be periodic.
The simulations presented here are based on the Braginskii two-fluid model 36 . As discussed in a linear verification study 33 For the simulations described here the following set of equations are used:
Here N is the plasma density, v e is the electron fluid parallel velocity, and ̟ is the potential vorticity introduced as Density, temperature and magnetic field are normalized to reference values n x , T ex (the maximum of the corresponding equilibrium profiles), and B 0 , the axial magnetic field. Frequencies and time derivatives are normalized to Ω cix = eB 0 /m i c:
velocities are normalized to the ion sound speed C sx = T ex /m i ; lengths -to the ion sound gyroradius ρ sx = C sx /Ω cix ; electrostatic potential to the reference electron temperature:
(1-4) and further, the ′′ˆ′′ symbol for dimensionless quantities is dropped for brevity of notation.
While the variables N, v e and ̟ are advanced in time, equation (4) For the purposes of considering algorithms for average profile control in BOUT, it is convenient to represent the fluctuating variables at any spatial location as a sum of the time-average and perturbation,
For cylindrically symmetric configuration it is also useful to separate f into azimuthally symmetric and asymmetric components,
where f = (1/2π) f dθ and {f } = f − f is the residual. Based on the ergodic hypothesis, it is assumed that the time-averagef is equal to the azimuthal-average f , and statistical moments off and {f } are equal. This separation of variables into an axisymmetric and non-axisymmetric part does not preclude a full nonlinear solution in BOUT, but it allows easier control over the average profiles of density, temperature and other quantities.
B. Profile maintenance: suppressing the azimuthal average
Following self-consistent time evolution of turbulence and macroscopic transport may be difficult because the time-scale separation can make such calculations too large to be practical. Additionally, including first-principles-based source terms, e.g., for density and temperature, can be complicated, involving models for the plasma source, atomic physics, radiation transport, etc.
Without attempting a self-consistent time evolution of turbulence and macroscopic transport one can consider intermediate time-scales τ ≪ t ≪ T , where the macroscopic profiles can be taken as "frozen", based on known measured experimental average profiles. In this case the time-evolution of only the non-axisymmetric part is considered, and a simple technique of maintaining the desired average profile is filtering out the axisymmetric part of evolving fields. This is illustrated in Fig. (2-3) showing the general appearance of φ, δn i , and the evolution of the density and potential fluctuation RMS in a simulation with "frozen" density profile. In Fig. (3) , the potential is split into the turbulence-generated axisymmetric component φ , and the non-axisymmetric residual {φ} = φ − φ . One can observe the development of a zonal flow component φ(r) corresponding to sheared azimuthal flow. The easiest way to control the average profile is to suppress the evolution of the axisymmetric component by subtracting the azimuthal average of the right-hand side of Eqs. (1-3);
for example, for the density:
This is effectively introducing a time-dependent source/sink function necessary to maintain exactly the target density profile.
However, suppressing the axisymmetric part of fluctuations may interfere too much with the solution, and one can consider doing this not in the full domain but only on the boundary.
This would constrain the boundary values, and may be enough to maintain the average profile close to the desired.
C. Profile maintenance through adding sources
A more physical method to control the profile is to use a source/sink term S(r) designed in such a way that the average profile is maintained close to the experimentally measured profile. Rather than developing this source from first principles, an ad hoc source/sink is chosen in order to achieve the desired steady state profile in the simulation. As a first step, a simulation is performed using the method of subtracting out the azimuthal average to maintain the N i profile close to the "target" density profile N i0 (r), which is based on a representative experimental probe measurements in LAPD. Once a steady-state turbulence solution is obtained, the radial particle flux is calculated from fluctuating density and potential,
Next, the effective volumetric density source S(r) is calculated as
that can now be added to the density evolution equation, Eq. (1):
A subsequent simulation is run with this new source term and without suppressing the azimuthal average, allowing turbulent transport to compete with the source term. If needed, another iteration can be made by adjusting the source term to account for the mismatch between the BOUT predicted profile and the target. A more comprehensive approach to self-consistent time-evolution of turbulence and average profiles can be based on adding an adaptive source 41 ; however it is beyond the scope of this paper. In the present study extra iterations were not necessary; a single step was enough to produce stationary turbulence with average density profile close to the target profile, as shown in Fig. 4 . The evolution of the density and potential in a typical BOUT simulation with density source and fixed values of the density at the radial boundary is presented in Fig. 5 (animation online). 
IV. COMPARISON WITH LAPD DATA
Before any attempt is made to construct a full simulation of LAPD that self-consistently incorporates transport, first principles sources/sinks and profile evolution, it is necessary to The comparison of the frequency power spectrum of the density fluctuations δn/n to the LAPD measured spectrum is presented in Fig. 7 . The spectra are integrated over the volume 0.22 ≤ r ≤ 0.28 m, using a sliding Hanning window for averaging between the different simulation runs. Note that the total power in each spectrum is normalized to obtain the best fit to the experimental data. The power spectral shape from the BOUT simulation (for a range of ν in values) is in a relatively good agreement with the measured spectrum (Fig. 7, b,d ,e). At higher frequencies, 10 kHz, the simulated spectra fall off faster than the measured spectrum. More studies are required to analyse the effect of additional features of the physical model (temperature profile and perturbations, sheath boundary conditions, etc.) on the power spectrum, as well as the numerical resolution. High frequencies corresponding to smaller spatial structures are potentially more affected by finite resolution effects. As a check of numerical convergence in terms of box size, the spectrum for ν in /Ω ci = 2 × 10 −3 is calculated with four times the size of the azimuthal extent of the grid and the number of azimuthal grid points (N z = 128). The spectrum shape is similar to the original calculation, with a smaller grid size (Fig. 7, b and c) . These simulations were performed without the explicit ion viscosity term in the vorticity equation (3), therefore the only viscosity is due to the numerical discretization. Inclusion of the ion-ion viscosity term as discussed in the Appendix B corresponding to the ion temperature T i = 0.1eV does not significantly change the spectrum shape. The effects of viscosity in BOUT simulations is a subject of ongoing work. It is interesting to note that both the experimental and the simulation spectra exhibit an exponential power spectrum at higher frequencies (straight line on the log-lin plot), which is consistent with the presence of coherent structures 42 .
Another important characteristic of the turbulence is the probability distribution function for ν in /Ω ci = 2 × 10 −3 case is the closest to the experimental data, which is consistent with the estimate of the neutral density in LAPD. Note that the distribution is mostly symmetric here because it is integrated over a radial inteval where the skewness is relatively low (Fig. 9 ).
Intermittent turbulence is observed in the edge plasmas of many experimental devices.
This intermittency is usually attributed to generation and transport of coherent filaments of plasma, "blobs" or "holes" in Fig. 9 . Except for the edge of the simulation domain which is affected by the imposed boundary conditions, the trend of the skewness profile, as well as the absolute values, is similar in BOUT simulations and in the LAPD data.
Two-dimensional turbulent correlation functions are measured in LAPD using two probes: a fixed reference probe and a second probe that is moved shot-to-shot to many (∼ 1000) spatial locations in a 2D plane perpendicular to the magnetic field. The reference probe remains at a fixed position that is close enough to the moving probe in the axial direction so that the parallel variation of the turbulent structures can be neglected. This allows to obtain the 2D spatial correlation function in the azimuthal plane. A similar "synthetic" diagnostic to post-process BOUT simulation results is constructed by calculating the correlations between a reference location and all other points in each azimuthal plane. The correlation length in BOUT simulation is of the same order, but larger than the measured value (Fig. 10) . B. Fluxes and sources vs. inferred source/sink in LAPD An inferred particle source is required to maintain the density profile close to the experimental values, as described in section III C. In BOUT simulations, the calculated source function S(r) that produces steady-state turbulence with the desired density profile ap-pears to be positive inside r 0 ∼ 28 cm, and negative outside (Fig. (11) ). Remarkably, the qualitative form and magnitude of the S(r) profile is consistent with the assumption that within ∼ r 0 there is an ionization source, and outside of ∼ r 0 there is a sink due to parallel streaming to the end walls. In LAPD, the field lines inside r ∼ 28 cm connect to the cathode that produces the primary ionizing electron beam. The magnitude of the inferred source is close to the estimated ionization source and parallel losses sink for LAPD plasma, V. DISCUSSION
A. Plasma transport
One can calculate the effective diffusion coefficient by dividing the radial flux by the gradient of the equilibrium density,
The turbulence-driven radial particle flux in BOUT simulations peaks near the maximum density profile gradient and is close to diffusive model value, with the effective diffusion 
This expression is similar to the equation for the zonal flow component of the radial electric field that can be derived directly from the azimuthal projection of the ion momentum equation 44 :
The first term in the right-hand side of Eq. (12) and Eq. (13) is the turbulent Reynolds stress.
If a stationary turbulent state exists, the time average of the Reynolds stress, which is the driving term for the zonal flows, is balanced by the ion-neutral collisions and the ion viscosity terms. This equation is not derived directly from the vorticity equation, therefore BOUT solution satisfies it only to the extent that the underlying assumptions in the derivation of the vorticity equation (3) are fulfilled.
Applying this diagnostic to BOUT output, it is found that the balance is well satisfied (within ∼ 5%) for Eq. (12) (with a small correction due to the linearization used in the inversion of Eq. (4)) and Eq. (13) with a particular choice of the finite difference scheme in the advection operators -the fourth order central scheme. However, for the first order upwind scheme used in most of nonlinear simulations presented here, the balance is not sufficiently well satisfied, which indicates that a higher numerical resolution is required to reach convergence for this diagnostic measure.
At present, a quantitative match between the average E r in the code and in the experimental data has not been obtained. However, at present the model does not include all physics (e.g., sheath, biasing, temperature perturbations) that is certainly important for setting the average radial electric field. Improving the model by adding to it the missing physics to address matching of E r is the subject of ongoing research.
C. Future work
A detailed verification study of linear instabilities in LAPD using BOUT 33 combined with a good qualitative and even partially quantivative agreement between nonlinear BOUT simulations and LAPD measuments presented here provides confidence in the relevance of these simulations to LAPD. It is, however, not a fully consistent first-principle model at present, and some potentially important physics is yet to be included. Most importantly, the experimentally measured temperature and flow profiles need to be matched and an evolution equation for temperature fluctuations, already implemented in BOUT, could be employed. The addition of a temperature gradient to the simulation would likely increase instability drive and result in a larger saturated turbulent amplitude and particle flux, more consistent with observation. Another significant improvement of the model that remains to be implemented is the sheath boundary condition at the end plates in the parallel direction.
The axial boundary conditions are expected to be important in the formation of the radial electric field profile in LAPD, and a more physical description might help to understand and model the dynamics of the azimuthal flows and experimentally relevant potential profiles.
The role of the ion viscosity on these flows is also a subject of ongoing work and has to be investigated in more detail. Additionally, including sheath boundary conditions along with temperature gradients, electron temperature fluctuations and an equation for temperature evolution can give rise to modifications to drift instabilities and introduce new modes, such as entropy waves 45, 46 and conducting wall modes 47 .
Although 
Appendix A: Azimuthal momentum equation
The equation describing the evolution of the surface-averaged azimuthal momentum can be derived from the vorticity equation:
where the potential vorticity is
Define surface and volume averaging by
Note the identity
For LAPD geometry, the convention is B z = −B p , so b 0 = −z. In normalized variables,
The equation for the evolution of the azimuthal flows can be obtained from the vorticity equation (A1) by volume averaging. Applying Gauss theorem and assuming that the boundary conditions on the internal boundary are such that all surface integrals over the internal surface r = r a vanish, the following expression for the volume-average of the vorticity is obtained:
The ion-ion viscosity term:
The advection term can be rewritten as:
where in straight field the last term vanishes. Applying Gauss theorem, the full divergence becomes a surface average:
The fourth term in Eq. (A1) can be written as a full divergence:
The volume integral is then transformed info surface average
Collecting all terms, one obtains the surface-averaged azimuthal momentum evolution equation:
and ω is normalized to ω * . Now consider the effect of finite-difference discretization on Eq. (C1). For simplicity assume no radial structure so that the radial part of the solution can be dropped. There are just two coordinates then -the drift wave propagation direction y and the parallel direction z. Now let's focus on the parallel discretization. Parallel derivatives that are represented by ik || in the Fourier form will become something different in the discretized equation, depending on the type of discretization. For example, applying the 2 nd central difference for a single mode exp(ik || z) one obtains
Here h is parallel grid spacing, z j =jh.
One can notice that at large wavenumbers, k ∼ π/h, the finite-difference representation is very poor. In this example, from Eq. C1, for σ || ≫1 the growth rate scales as γ ∝ 1/k 2 || , i.e., large k || should stabilize the modes. Conversely, in the discretized dispersion relation it will become γ ∝ 1/(sin(k h)) 2 which would become singular at the Nyquist wavenumber k = π/h, which can be manifested in unphysical behavior of such modes. The possibility of unphysical behavior of high-k modes caused by spatial discretization, in particular the "red-black" numerical instability, is well-known in the CFD community, and historically the main remedy was using staggered grid 51 . A more recent popular method is discretization on collocated grids adding a dissipative biharmonic (i.e. 4 th derivative) term to suppress the "red-black" instability (e.g., the Rhie-Chow interpolation).
Consider the effects of staggered grid for the discretized drift mode dispersion relation.
Assume that N i , φ, ̟ are specified on one grid, and j || , V ||e are specified on another grid shifted by h/2. Then, k 2 || in the dispersion relation (C1) can be tracked down to the derivatives ∂j || ∂z → (j ||,j − j ||,j−1 )/h = exp(−ikh/2) i sin(kh/2) h/2 (C5) and ∂φ || ∂z → (φ j+1 − φ j )/h = exp(ikh/2) i sin(kh/2) h/2 ,
which combine to produce
One can note that Eq. (C7) does not become zero for any mode supported by the grid, −π/h ≤ k ≤ π/h, which is an important improvement.
Since the staggered grid approach is more cumbersome for implementation, in particular for parallel computation, it is desirable to stay with collocated grids, if possible. In this example one can come up with discretization Eq. (C5-C6) on collocated grids by combining right-sided and left-sided 1 st order discretization. This method, which we call "quasistaggered grid", has been successfully applied in BOUT to eliminate spurious modes due to parallel discretization.
